CONSTRUCTION OF SELF-ADJOINT BEREZIN-TOEPLITZ 
OPERATORS ON KAHLER MANIFOLDS AND A 
PROBABILISTIC REPRESENTATION OF THE ASSOCIATED 

SEMIGROUPS 

^ , BERNHARD G. BODMANN 

(N 

Abstract. We investigate a class of operators resulting from a quantization 
scheme attributed to Berezin. These so-called Berezin-Toeplitz operators are 
defined on a Hilbert space of square-integrable holomorphic sections in a line 
, bundle over the classical phase space. As a first goal we develop self-adjointness 

' criteria for Berezin-Toeplitz operators defined via quadratic forms. Then, fol- 

lowing a concept of Daubechies and Klauder, the semigroups generated by 
^ these operators may under certain conditions be represented in the form of 

^ , Wiener-regularized path integrals. More explicitly, the integration is taken 

' over Brownian-motion paths in phase space in the ultra-difl^usive limit. All re- 

' suits are the consequence of a relation between Berezin-Toeplitz operators and 

^ Schrodinger operators defined by certain quadratic forms. The probabilistic 

, representation is derived in conjunction with a version of the Feynman-Kac 

' formula. 

(N 
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1. Introduction 



1.1. Scope of this work. The general theme in this work is the geometric for- 
mulation of Berezin- ToepUtz quantization on Kahler manifolds. This quantization 
prescription was introduced by Berezin to construct quantum models with 

the help of certain continuous representations in the sense of Klauder , more 
. . ■ specifically by using spaces of holomorphic functions on phase-space manifolds with 

rS I a Kahler structure. Cahen, Gutt, Rawnsley and others ]9|-|l^ subsequently cast 

' Berezin's construction in a manifestly coordinate-independent form by borrowing 

ideas from geometric quantization [p^-|T6t. In this form the quantum kinematics 
is encoded in a Hilbert space of square-integrable, holomorphic sections in a holo- 
morphic line bundle. A Berezin-Toeplitz operator Tf on such a Hilbert space is 
characterized by its associated sesquilinear form, which is obtained by multiplying 
the measure in the L^-inner product of the Hilbert space with a sufficiently regu- 
lar real-valued function /. The quantization context arises from interpreting this 
function as a classical observable that is in some sense in correspondence with Tf. 
Indeed, one may prove that the precise notion of a correspondence principle applies 
in the case of homogeneous or compact Kahler manifolds, see ||^, 17| or 



A first goal in this work is to derive conditions for the validity of this quantization 
procedure. More precisely, we obtain regularity conditions for possibly unbounded 
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classical Hamiltonians ensuring that their quantum analogues are self-adjoint op- 
erators. The discussion of these conditions develops from a rather abstract level to 
concrete criteria in terms of the Kato class that is intrinsically determined by the 
underlying geometry. 

The remaining part of this work generalizes an approach to path-integral quan- 
tization proposed by Daubechies and Klauder [p^p3[; see also Q. Superficially, 
it is a phase-space version of Feynman's path integral that has been rendered ma- 
thematically well-defined by a Wiener-measure regularization. However, a closer 
look shows that the construction by Daubechies and Klauder can be understood 
as a path-integral formulation of Berezin-Toeplitz quantization on certain homo- 
geneous Kahler manifolds. Indeed, a generalization to arbitrary Kahler manifolds 
has been advocated in several publications [p5|-p8[ and carried out for the compact 
case by Charles |^ . The advocated generalization is a probabilistic expression for 
the unitary group {e"'*-^-' }tm generated by a Berezin-Toeplitz operator Tf. More 
precisely, a Wiener-regularized path integral expresses the integral kernel of the 
time-evolution operator e~**"^-f as the ultra-diffusive limit of an expectation value 
over Brownian motion paths on the classical phase space. 

In contrast to the setting considered by Charles we include the case of 
unbounded Berezin-Toeplitz operators and non-compact manifolds, subject to cer- 
tain technical conditions. Moreover, we show that instead of the Brownian motion 
governed by the original Kahler metric as in [p9| , the Wiener regularization may 
be realized using a conformally rescaled metric, at the cost of adjusting the path 
measure with a suitable Feynman-Kac functional. A minor difference with the orig- 
inal intent of Daubechies and Klauder and its advocated generalizations [p5|-p8| is 
that instead of unitary groups, we focus on the probabilistic representation of semi- 
groups {e~*'^^ }t>o that are generated by self-adjoint, semibounded Berezin-Toeplitz 
operators. The expression for e~*^^ is entirely geometric in nature and opens up 
a wealth of analytic tools from the extensively studied background of Brownian 
motion. One may expect that this probabilistic representation assumes a role in 
the investigation of Berezin-Toeplitz operators similar to that of the Feynman-Kac 
formula in the analysis of Schrodinger operators. 

1.2. Structure and Contents. In Section |^ we we show that a class of coher- 
ent states is essential to the understanding of Berezin-Toeplitz quantization. After 
defining Berezin-Toeplitz operators in terms of semibounded quadratic forms, we 
give an abstract condition for their self-adjointness. Section ^ establishes a relation- 
ship between Berezin-Toeplitz and Schrodinger operators, which makes standard 
techniques from the context of differential operators available to formulate more 
concrete conditions ensuring the self-adjointness of a Berezin-Toeplitz operator. 
The main topic of Section ^ is the probabilistic representation of semigroups gener- 
ated by self-adjoint, semibounded Berezin-Toeplitz operators. This result is called 
the Daubechies-Klauder formula. It is derived from a version of the Feynman-Kac 
formula for Schrodinger operators on Riemannian manifolds. Finally, we summarize 
the results in Section ^ and conclude with an outlook on further developments. 

2. Berezin-Toeplitz Quantization from a Coherent- State Perspective 

This section explains the construction of self-adjoint operators according to a 
quantization scheme in the spirit of Berezin . In a geometric formulation of 
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this scheme [p|-p^, the underlying Hilbert space contains square-integrable, holo- 
morphic sections in a holomorphic hne bundle C with a compatible connection V 
over the classical phase space M.. The correspondence between the geometry of the 
line bundle and the classical phase-space structure is implicit in the fundamental 
assumption that the symplectic form on M. can be reconstructed as a multiple of 
the curvature associated with the connection. 

The first part of this section describes how a family of coherent states arises 
naturally with Berezin-Toeplitz quantization. Conversely, it is possible to recover 
some of the additional structures that are imposed on the classical phase space from 
the presence of such coherent states. The details are explained in the following 
exposition. 

Klauder's concept of a continuous representation |^-^ is based on the existence 
of a family of orthogonal projectors {H^^jj^g^vi onto one-dimensional subspaces of 
a separable complex Hilbert space Ti, indexed by points in a topological manifold 
such that X i— > n^; is weakly continuous. If there is a measure xn on Ai such that 
the integral n^dm(a;) — idn provides a weakly convergent resolution of the 
identity mapping id-^, then we call each one-dimensional subspace e(x) :— Tlx'H a 
coherent state. Thus, one can think of the manifold M. as being embedded in the 
projective Hilbert space PTi, the set of all one-dimensional subspaces of H. By 
definition, the image of the embedding constitutes the family of coherent states. 
The identification of coUinear vectors in Ti to describe a (pure) quantum state 
induces additional structures on M. 

Since PTi is the base manifold of a bundle P : TC \ {0} PTC, where the 
projection P maps any nonzero vector in Ti. to the one-dimensional subspace it 
generates, the embedding of A4 pulls back the fibers 7r^^({a;}) P^^{{e{x)}),x £ 
A4. To make Ai the base manifold of a complex line bundle, the missing zero 
vector must be inserted in every fiber C^. :— 7r~^({x}) U {0} and thus a bundle is 
created with total space C — {J^eM ^'^^ projection tt. If we suppose that the 
linear hull of C is dense in 7i, then the linear functional : V' '-^ (''^jV') restricted 
to ^/i £ £ provides a representation of S 7i as a function on £ that is complex 
linear in the fibers. If is a differentiable manifold and the mapping x i— > H^^ is 
in some sense smooth, then as subsets of 7i, the fibers in the total space C. inherit 
additional features. The scalar product (•, •) serves simultaneously as a Hermitian 
metric on both the total space L and the tangent space TL. The notion of horizontal 
transport passes from Ji to £, which takes a smooth curve ^ : M — » together with 
a starting point ^(0) in 7r~-'^(C(0)) and produces the lifted curve C in £ by moving 
in an infinitesimal time step dt from C{t),t € M, to the orthogonal projection of ({t) 
onto the space e{({t + dt)). In fact, this way the norm of a horizontally transported 
vector in the fiber is left invariant while its base point moves along the curve in 
Ai. In other words, the connection on the bundle corresponding to the horizontal 
transport is compatible with the Hermitian structure. 

Berezin-Toeplitz quantization realizes a class of such continuous representations 
in a setting that is familiar in algebraic geometry |30[ : If £ is a holomorphic line 
bundle over a Kahler manifold, then the curvature of the line bundle is a closed 
two- form pH . This two- form is up to an imaginary factor assumed to be equal to 
the symplectic form on A4. The Hilbert space chosen by Berezin-Toeplitz quanti- 
zation is the space of holomorphic sections that are square-integrable with respect 
to Liouville's measure, the maximal exterior power of the curvature form. These 
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requirements are needed to show a correspondence principle for compact A4 ||9|,|18[. 
Unfortunately, they also restrict the universality of Berezin-Toeplitz quantization. 
Not all symplectic manifolds can be equipped with a compatible complex structure, 
and even less may be obtained as the base manifold of a holomorphic line bundle 



such that its curvature is a constant multiple of the original symplectic form 1 18|. In 
order to provide a resolution of the identity id-H according to Ilxdm{x) — id-^, 
the measure tn is chosen as a locally rescaled version of the Liouville form, see . 
More generally, Berezin-Toeplitz quantization maps the classical observable repre- 
sented by a bounded real-valued function / : — > R to the self-adjoint operator 
obtained from Tf := Jj^ f{x)Ilxdm{x). In both cases, the integral converges in 
the strong sense. The quantization of dynamics is then realized with the unitary 
group {e~'*"^^}tgR that results from choosing / as the generator of classical time 
evolution. 

2.1. Hilbert Spaces of Square-Integrable, Holomorphic Sections. 

Definition 1. Let us assume that a complex line bundle C ^ Ai is equipped with 
a Hcrmitian metric h = {hx}xeM on its fibers. To be precise, for each base point 
X E M there is a sesquilinear metric hx ■ Cx ><■ Cx ^ C on the associated fiber 
Cx- By convention, each hx is conjugate linear in the first argument. We will only 
consider finite-dimensional manifolds, n := dimcA4 < oo. Given a measure m on 
M we may define an inner product 

(^,0) := f h{'ip,(j))dm (1) 

JM 

for sufficiently regular sections ip and 0, where 4>) is interpreted as the function 

X ^ hx{i>ix), 

Remark 2. In the definition of the inner product, h and m can be combined to a 
Hermitian-metric valued measure, hereafter denoted by hm. Indeed, this is a more 
appropriate way to view the definition, since the redundancy of rescaling h while 
changing m to compensate accordingly is manifest in the notation. 

Definition 3. The linear space of sections in C will be denoted as r£(A^). The 
subspace of square-integrable sections on a complex line bundle C over a base 
manifold Ai is denoted by 

L^{hm) -.^ \i! <=,Tc{M) : j V') ^^^i < ooj . (2) 

When £ is a holomorphic line bundle, we define the generalized Bergman space 
L\^i{hm) as the space of all holomorphic sections in L^{hm). 

Remarks 4. Equipped with the previously defined inner product, the space L?{hm) 
containing all square-integrable sections becomes a Hilbert space in the usual way 
by identifying sections that differ up to sets of /im-measure zero. 

If £ is a holomorphic line bundle and m, interpreted as a volume form, and h 
are everywhere non-degenerate and smooth, then the generalized Bergman space 
L\^j{hm) is a space of functions that may be identified with a Hilbert-subspace of 
L (hm). An outline of the completeness proof is given in Appendix 

It may happen that L^oiihm) only contains the zero section. Therefore, results 
about the dimensionality of this space are of fundamental interest. For the case of 
compact M, see M. 
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Lemma 5. Given a vector u in a fiber above x := 7:{u), the point evaluation 

: Ll,i{hm) C 

defines a bounded linear functional, and by the Riesz representation theorem this 
evaluation can be realized as an inner product •= = '^ui'4') with a 

section e„ G L\^i{hm). Two such sections form a kernel function fc(ii, v) := (e„, Cy) 
that is defined on £ x £ and sesquilinear in the fibers. 

Proof. The detail that mostly deserves explanation is the boundedness of -du- To 
verify this, we choose a local trivialization ^ around the fiber generated by m, 
mapping tt~^{U) C C, the subset of C above an open set U to V xC, with an open 
ball V C C" having the first component of ^{u) as the center. 

Given a convergent sequence of sections we use as in Appendix ^ the 

mean value property of the associated holomorphic functions on V to bound the 
value of i9ti('0^''') by a constant times the i^-norm of V-^'^. Since the sequence has 
the Cauchy property, is also Cauchy, and therefore convergent. 

The sesquilinearity of k results from the conjugate-linear scaling property ecu — 
CEu for any c e C and u £ C. □ 

Definition 6. A Schwartz kernel in a complex line bundle £ is a family of linear 
mappings {S{x^y) : Cy — > Cx}x,y£Mi that is, S{x,y) is linear in vectors with base 
point y and has as its values vectors at x. If S{x, y) is jointly continuous in x and 
y, then it can be interpreted as continuous section in the bundle C^C* — » 7W ® A^, 
where C* is the dual bundle associating with each x G M. the space of complex 
linear forms on Cx- 

Proposition 7. The Schwartz kernel K given in the terminology of the preceding 
lemma by K{x,y)v = ev{x) for v £ -K^^iy) is jointly continuous in x and y. We 
will call K the reproducing kernel of L\^j{hm) because all £ L\^j(hm) satisfy the 
identity 

il){x)= / K{x,y)^{y)dm{y) . (4) 

JM 

Proof. The joint continuity follows from the continuity of e„ in v and the uniform 
convergence of Cauchy sequences in L\^i{hm). These properties may be obtained 
using the definition of via (|^) and the argument in Appendix 

To derive (|4|), we consider in a first step the adjoint map {K{x,y))* : tt^^{x) 
Tr~^(y), in the usual way defined by m i— *■ hx{K{x,y)v,u)v, independent of the 
choice of a normalized vector v e 7r^^(y), ||w|| — 1. We claim that {K{x,y))* — 
K{y, x), which means for all u, v in fibers above x and y, respectively, the equation 
hx{u,K(x,y)v) = hy{K{y,x)u,v) holds. To simplify the following calculation, we 
assume that u and v are normalized; the general case follows by rescaling. 



hx{u,K{x,y)v) = hx{u,ey{x)) = hx{u,ey{u)u) (5) 

= ey{u) = e„(w) (6) 

= hy{euiv)v,v) = hy{euiy),v) (7) 

= hy{K{y,x)u,v) (8) 
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The second step for the derivation of uses again a normahzed vector u above x, 

ip{x) ^ 'ijj{u)u = {ey,,i})u ^ hy{euiy),tpiy))udm{y) (9) 

Jm 

hy{K{y,x)u,ip{y))udm{y) (10) 

M 

hx{u,K{x,y)ilj{y))udm{y) (11) 

M 

K{x,y)^P{y)dm{y). (12) 

M 

□ 

Comment 8. One of the goals in this work is to find a formula for this kernel. In 
principle, one could follow a Gram-Schmidt orthogonalization procedure, construct 
an orthonormal basis of sections {Tyzj/gN and then express the reproducing kernel as 
a series K{x, y) = J2i ''lii^)hy{vi{y)j ') that terminates after finite terms or converges 
uniformly on compact sets in 7W x However, this procedure is too abstract 
to show how the geometry of £ shapes the kernel. We will therefore present an 
alternative strategy, expressing K in a probabilistic way. 

Consequence 9. If hm is smooth and nowhere degenerate, then any bounded 
operator B on L\^i{hm) possesses a sesqui- analytic integral kernel B{x,y) that 
is characterized by the equation hx(u, B{x,y)v) — {K{-,x)u, BK{-,y)v), and the 
image of -0 G L\^i{hm) is expressed as 



Bi:{x) = / B{x,y)i,{y)dm{y). (13) 

JM 

Proof. That B(x,y) is indeed an integral kernel results from the reproducing prop- 
erty ^ and Fubini's theorem. The sesqui-analyticity of B{x, y) follows because the 
mapping v ^ _fC(-, 7r(w))u = £„ into L\^i{hm) is antiholoniorphic. □ 



Remark 10. Since the right-hand side of equation (13) is defined even for -0 G 
L^(/im), any bounded operator extends naturally via its integral kernel to all of 
L^{hm). From this point of view, K{x,y) is the integral kernel of an orthogonal 
projection operator, henceforth also called K, that maps L'^{hm) onto L\^i{hm). 

2.2. Berezin-Toeplitz Operators Defined via Quadratic Forms. In the re- 
maining text, we assume that h and m are smooth and non-degenerate to ensure 
that L\^j(hm) is complete. 

Definition 11. Given the Hilbert space L\^j{hm) and a real- valued function / : 
— > R, we consider the sesquilinear form 

T/ : Q(r/) X Q{Tf) C (14) 



(0,0)^/ f{x)h^{i;{x),^{x))dm{x) (15) 

JM 



with form domain 



Q{Tf):^UeLlJhm): f \f{x)\h4ij{x),^{x))dm{x)<c^}. (16) 

JM 
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When referring to 7} as a quadratic form, it is really the function ijj <—>■ Tf[il),tl)) 
that is meant. 

Definition 12. Given a real-valued, bounded function / : ^ R, the form 7} 
specified in the preceding definition is bounded and symmetric. Therefore, it is 
associated with a self-adjoint operator Tf satisfying (ip,Tfip) = Tf^ipjip) for all 
ip G L\^i{hm). In the context of generalized Bergman spaces, we call Tf a self- 
adjoint Berezin-Toeplitz operator and the function / its symbol. 

Remarks 13. The original definition according to Berezin and its geometric 
interpretation by Cahen, Gutt, Rawnsley and others ]9|-p^ do not refer to sesquilin- 
ear forms. Indeed, for bounded symbols the approach chosen here offers no new 
insights. 

However, the use of sesquilinear forms is convenient for the construction of semi- 
bounded Berezin-Toeplitz operators described in the remaining part of this section. 
The implicit goal is to find a large class of possibly unbounded symbols / that 
lead to closed, semibounded quadratic forms Tf and thus yield unique self-adjoint 
Berezin-Toeplitz operators Tf via the Friedrichs construction characterized by equa- 
tion In fact, this goal leads the discussion from abstract conditions ensuring 
the semiboundedness of Tf to a more concrete class of admissible symbols presented 
in the next section. 

Lemma 14. If the form Tf+ belonging to the positive part /+ : a; max{/(a;), 
0} of a function f : M ^ M. \s densely defined and the negative part : x ^ 
max{— /(x), 0} can be incorporated in 7}- as a form-bounded perturbation, meaning 

<ciV(^,^) + c2||vf (17) 

with a relative form bound ci < 1 and a constant C2 > 0, then Tf is closed on 
Q{Tf) = Q{Tf+) and has a lower bound c G M, such that Tf{ilj,tp) > c\\ipf. 

Proof. The first part of the proof is to show that the sesquilinear form belonging 
to a non-negative function / > is closed, in other words, we need to show that 
Q{Tf), equipped with the form- norm H'IIt-^. defined by 

Mr, + my^' for ^ G Q{Tf) , (18) 

is complete. 

Suppose (V'i)ieN is a Cauchy sequence with respect to the form-norm. Due to the 
estimate 11-011 < HV'llr the sequence is convergent in i^g;(/im), 0; — * ip. Using point- 
wise convergence and Fatou's lemma, we have 11-0 — V'^lr^ — l™iiiffe^oo HV^fc — V'illr/ 
and therefore the sequence (V'i)iGN converges with respect to the form-norm. 

The remaining part of the proof is the so-called KLMN theorem, see or [ 33 , 
Theorem X. 17] . It goes back to works of Kato [Q , Lax and Milgram , Lions [36 
and Nelson ||3^. □ 

Proposition 15. If the form Tf is closed and has the greatest lower bound c G R, 
then it belongs to a unique self-adjoint operator Tf that is characterized in terms 
of the square-root ^/Tf^^ satisfying 



(yi>^0,yT7^v^) + c(0,0) = r;(0,V) (19) 



for all (j) and in the domain V{y^Tf — c) ~ Q{Tf). 
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Proof. Again, we refer to the literature Theorem VIII. 15] or Theorem 5.36] 
for the proof of this result which we call the Friedrichs construction. □ 

Remarks 16. As a special case of Consequence H, when / is a bounded function, 
Tf has an integral kernel Tf(x,y) characterized by hx{u,Tf{x,y)v) = {K(-,x)u, 
fK{-,y)v), where u,v € C have base points x and y, and the scalar product is 
taken in L^(hm). 

For ij e P„„„(r/) := {i^ e LlJhm)Jij G L^{hm)}, the identity T/V = K{fij) 
relates Tf to the traditional way of defining a Berezin-Toeplitz operator as a com- 
position of a multiplication operator with the orthogonal projection K. However, it 
may happen that 'DminiTf) does not include all of L\^i{hm), although the operator 
Tf is bounded. 

A disadvantage of defining Tf by a semibounded form is that in general, nothing 
is known about its domain. The situation is different if a domain of essential self- 
adjointness can be identified for Tf. Such situations have been investigated in 
detail for the case of the so-called Fock-Bargmann space. 

The definition of Berezin-Toeplitz operators clearly does not rely on the valid- 
ity of a correspondence principle, and we will also not need to refer to it here- 
after. Because of its physical importance, we mention that in the special setting 
of holomorphic line bundles over homogeneous or compact Kahler manifolds, the 
Berezin-Toeplitz operators defined on the Hilbcrt space L\^i{hm), with m being 
the Liouville form associated with the bundle curvature, are known to observe a 
correspondence principle, see [§[|l3 or |^,|l^. Moreover, in the compact case the 
same kind of classical asymptotics can be proved for more general almost-complex 
manifolds [||. 

3. Self- Adjoint Berezin-Toeplitz Operators as Monotone Limits of 
Semibounded Schrodinger Operators 

The main motivation for this section is to relate Berezin-Toeplitz and Schro- 
dinger operators. An important application concerns the transfer of well-known 
self-adjointness criteria to the setting of Berezin-Toeplitz operators. In this section 
and the following one we derive conditions that are more accessible than verifying 
the abstract form-boundedness of Tf- with respect to Tf+ according to inequali- 

ty 0. 

At first, the Riemannian structure seems to be an auxiliary element that is not 
needed in the definition of Berezin-Toeplitz operators according to the prescription 
of the preceding section. However, continuing the line of thought in the introductory 
remarks given there, we note that due to the coherent-state embedding x i— > e{x) := 
{cu : u £ Cx} the inner product of the Hilbert space provides a natural metric 
on TC, which by its invariance under scalar multiplication in the fibers passes 
as Fubini-Study type metric ji^. Appendix 3] to the tangent bundle TM. It is 
straightforward to check that the imaginary, skew-symmetric part of the Fubini- 
Study metric is closed, which makes AA a Kahler manifold. The real part of this 
metric can then be used to define a Riemannian structure. In short, a Riemannian 
metric is present as a consequence of the quantization prescription. 

In the following, we consider Hilbert spaces L\^j(hm) of square-integrable holo- 
morphic sections in a holomorphic Hermitian line bundle C that has a base manifold 
AA with a Kahler metric. A priori, the natural volume measure m associated with 
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the real part of the Kahler metric need not be in a prequantum relation (Q) with 
the curvature of C. 

3.1. Bochner's Laplacian and its Relation to the Holomorphic Laplacian. 

Several Laplacians will be introduced in this section, each one is characterized by 
an associated positive definite quadratic form. Later, Schrodinger operators will 
arise from perturbations of these forms. 

Conventions 17. By default, M is always a d-dimensional Riemannian manifold, 
and whenever it appears in conjunction with the holomorphic line bundle it is 
tacitly understood to be the base manifold, with d — 2n. The Hermitian metric h 
on C and the natural volume measure m on are as forms assumed to be smooth 
and non-degenerate. The class of smooth vector fields that are at each point real- 
valued differential operators on real-valued, smooth functions is written as Tr(A^). 
The complexified version is written as T(A^). Whenever a smooth vector field Y 
given on an open set U G M vanishes on all antiholomorphic functions in U, we 
write Y g T(^'*'^(C/), and if this happens for all holomorphic ones Y £ T(°'^^(J7). 
We will not distinguish between a Riemannian metric g on the tangent bundle 
and its sesquilinear extension to the complexified tangent bundle T^A4, as 
usual conjugate linear in the first argument. Similarly, the Levi-Civita connection 
Gov is made complex linear on T''~'A4 x T'^A4, and the divergence div is thus 
defined as the trace Ti^^by for all Y S T(A^) with the sesquilinear form given by 
by ■ {X, Z) I— > {X, Cov^y). The gradient of a function / is a vector field denoted 
as grad/. 

With a view to Lemma |l^, from now on all manifolds are tacitily assumed to be 
pathwise connected. 

Definition 18. The operator obtained by the Friedrichs construction correspond- 
ing to the closure of the quadratic form 

£ifj):^ f 5(grad/,grad/)dm (20) 
Jm 

with initial form domain C^{A4) is called the negative Dirichlet Laplacian — A on 
L2(m). 

Suppose C is a Hermitian line bundle with a compatible connection V. The 
negative Bochner Laplacian — A''' on L'^{h'm) arises via the Friedrichs construction 
from 

£^{ip,ip):= [ Tt'^^ h{\/ip,V^/j)dm (21) 

defined on C'^{M), the space of smooth sections with compact support. Hereby, 
the trace operation is defined as before by choosing an orthonormal basis {-Efej^^i 
in each T^M such that Tr^^ /i(VV', V^-) = ELi ^iV E^ip,"^ eM- 

Lemma 19. Every complete Riemannian manifold M admits a localizing sequence 
of smooth cut-off functions with a uniformly attenuated gradient bound. This 
means, there is an increasing sequence {?7i}ieN of smooth functions rji pointwise 
converging to unity, rii{x) /' 1 for all a; 6 A^, each rji has compact support, and the 
uniform gradient bound 5 (grad ?7;, grad 77;) < Ci holds for some sequence {C;};gN of 
positive numbers C; > converging to zero. 
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Proof. The construction uses a result by Greene and Wu Corollary to Propo- 
sition 2.1], by which one may approximate the distance from a fixed point y E 
with a smooth function. To be precise, one obtains a smooth function v : Ai ^ M. 
such that ||gradu|| < 1 and \v{x) — dist(x,?/)| < 1 for all x G M. 

For the construction of the cut-off functions, we pick a real-valued smooth func- 
tion 77 : K ^ [0, 1] that is bounded above and below by characteristic functions 
< rj < X[-2,2]j ensuring compact support in the interval [—2, 2]. The compo- 
sition rii{x) :— r]{-^v{x)) then defines an increasing sequence of smooth functions 
r]i y I with the gradient bound 

grad77i = ^ij' {^v{x)) gra.dv{x) < ^max|?7'(r)| . (22) 

In addition, due to the completeness of the manifold, the support of each 77; is 
compact since it is contained in the closed set ■u^^([— 2', 2']). □ 



Theorem 20. // the Riemannian manifold A4 is complete, then — A is essentially 
self-adjoint on C^{M). The same holds for — A'^ in a Hermitian line bundle C 
with a compatible connection V. Moreover, —A^ has C'^{A4) as a domain of 
essential self-adjointness. 

Proof. It is sufficient to show this for A'^ , since A can be considered as the Bochner 
Laplacian on the trivial bundle Ai x C with the obvious Hermitian structure. We 
adapt Davies' treatment of the Dirichlet Laplacian Theorem 5.2.3] in combi- 
nation with the localizing sequence of cut-off functions described in the preceding 
construction. 

The essential self-adjointness of —A''' is by its positivity equivalent Theorem 
X.26] to having only the zero vector in the orthogonal complement of (—A''' + 
l)CTc{M). 

Suppose there is a nonzero vector w_L(— A'^ -I- 1)C'^{A4), in other words the 
equation A^ u — u has a weak solution u G L^{hm). Using the localizing sequence 
{?7/};eN described above, we may estimate 

^ d 

0> -\\mu\\l^ £^{vfu,u) = V /i(Vfc77f M, Vfe-u)dm (23) 

P d ^ d 

= / '^'^mEk{m)Hu,y ku)dm + I rifh{'VkU, Vku)dm . 
■'M fc=i "'^ k=i 

The last term is positive and we conclude that it must be bounded by 

p d „ d 

I ^vfK^kU,Vku)dm<2 I ^rii\Ek['ni)\Hu,'^ku)\dm (24) 

p d 

<2 y^rji \Ek{rii)\ ^/h{u,u)h{VkU,Vku)dm (25) 

<2 / Tji\\gTadT]i\\^Jh{u,u)J2kH'^kU,Vku)dm 
JM * 

(26) 
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where the Cauchy-Schwarz inequahty has been used repeatedly. With the abbrevi- 
ation ci :— r/i-y/^j,/i(VfeU, Vfcw), we obtain 

/ cfdm<2 [ ci\\gTa.d7n\\^Vh{u,u), (27) 
Jm Jm 
and after using the Cauchy-Schwarz inequahty again, 

IIC/II2 < 2||c/||2l|gradr?J^||u||2 . (28) 

To avoid confusion, ||-||2 denotes the L^-norm and the term ||gradry;||^ the essential 
supremum of the Riemannian length of grad 77/(0;) over a; g A4. This last inequality 
involves finite quantities on both sides, because u is a smooth function by an argu- 
ment related to Sobolev norms as in Appendix The properties of the localizing 
sequence {ry/} imply that the right-hand side approaches zero in the limit Z — > 00. 
Therefore, by Fatou's lemma £^{u, u) = or Vw = 0, which is in contradiction to 
the assumption A'^u — u 0. □ 

Now we investigate the interplay between Riemannian and complex structures 
on M ■ The fundamental ingredient is the assumption that the connection V is com- 
patible with the Hermitian metric and the holomorphic structure, that is, VjcV' = 
for all locally antiholomorphic vector fields X and locally holomorphic sections V'- 

Definition 21. Suppose we pick a local section in the orthonormal frame bun- 
dle of r(0'i'A^, which means in a sufficiently small open set U C A4, we have 
antiholomorphic vector fields Zi,Z2, ... G T'^^'^^U) that are orthonor- 

mal, g{Zk,Zi) — Ski- For a section -0, the value of the antiholomorphic trace 
Tr^"'^-* h{Vip,\/ip) :— X]fc ''-(^Zi-V': V^^^.V') depends on the metric and the connec- 
tion V, not on the particular choice of orthonormal antiholomorphic vector fields. 
Therefore, we may define the negative holomorphic Laplacian — A^'^'*-', in a manner 
analogous to the previous definitions as the operator corresponding to the closure 
of the quadratic form 

£^"''\^,^):= [ Tr^^^i) /i(VV', VV')rfm (29) 
Jm 

initially defined on sections ijj in the domain C^(A^). 

Remark 22. Let g be a Riemannian metric on a complex manifold Ai and Gov 
its Levi-Civita connection. It is straightforward to check in local coordinates 
Proposition 7.14] that g is the real part of a Kahler metric if and only if it is 
compatible with the almost complex structure J and if Gov preserves the splitting 
of T{A4) into holomorphic and antiholomorphic parts, that is, CovxJY ~ JCovxY 
for aU X,Y e T{M). 

Proposition 23. Let g be the real part of a Kahler metric on the the d-dimensional 
base manifold of a holomorphic line bundle £, and assume the Bochner and 
holomorphic Laplacians are defined as above. Then a Weitzenbock-type formula 
relates both Laplacians 

A(0'-) = i(A^-p) (30) 

with a zeroth-order term p. Given an antiholomorphic orthonormal frame {Zk}'l^^i 
of r'^'-^^A^, the term p is expressed as p{x)^p{x) = J2k=i ^'Zk Zk^(^)- 
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Proof. The first step of tlie proof is to identify — A^"^*) and A''' as differential 
operators wlien acting on a smooth, compactly supported section ^ £ C^{M). 
According to the usual derivation we find 

d 

A^7/. = ^Vi5,V£,^- Vcov^^B.V^ (31) 

and 

d/2 

A(°^-)^ = Y: (Vz.V^^ - Vc„.,^^J V. (32) 
fc=i 

Here, {Ek, JEk}'l^Ji is a local orthonormal frame in TAi and the antholomorphic 
frame {Zk}t=i is obtained via Zk = -^{Ek + iJEk) £ T'-"''^'^M. The deriva- 
tion relies on the compatibility of the connection V with the Hcrmitian metric, the 
resolution of the identity X]fe=i {{'lEkjEk + (•, JE^jJEt) — idT>i and the compat- 
ibility between the almost complex structure J and the Levi-Civita connection Gov. 
Now the claimed relationship (|3^) follows from ( pT| ) and (|3^ ) with the torsion-free 
property of the Levi-Civita connection Gov that implies [Zk, Zk] = ZkZk — ZkZk ~ 
Gov^^ Zk - Covzfe Zk ■ □ 

Remark 24. If the curvature R of the bundle and the Kahler form uj — ^(7(-, J-) 
are in the prequantum relation 

Rx,Y ^'j^uj{X,Y) (33) 
for any X^Y £ T(A^), then p is a constant, 

d/2 d/2 

P^^Y.^E>^'JE,=-^Y.9(Eu.Ek)^--. (34) 

fe=l k=l 

3.2. Berezin-Toeplitz Operators as Limits of Schrodinger Operators. This 
subsection shows how a Berezin-Toeplitz operator can be extended to a family of 
Schrodinger operators and be reconstructed as a monotone limit of this family. 
A major benefit is that the knowledge about Schrodinger operators may be used 
to find sufficient conditions for the semiboundcdness of 7}, thereby ensuring the 
self-adjointness of the associated Berezin-Toeplitz operator. 

Convention 25. In the following, C is always a holomorphic Hcrmitian line bundle 
and g is assumed to be the real part of a Kahler metric on the d-dimensional base 
manifold AA. 



Proposition 26. If the manifold M is complete, then the space L^^jihm) is in 
the domain of the form-closure of f'"'*^ and can be identified as the null-space 
{■0 e L'^{hm) : -A(°'*V = 0} of the holomorphic Laplacian -A^"'*). 

Proof. Given ijj £ L\^i{hm), we need to construct a Gauchy sequence {V'/};eN in 
C^(A^) which converges to V with respect to the form-norm, ||^/;/ — -i/'H^co,.) — > 
0. To this end, we use an increasing sequence of localizing cut-off functions rji : 
M [0,1] observing the uniform gradient bound sup^g^ ||grad77i(a;)|| < ^ for 
some constant C > 0, as described in the preceding part of this section. Then by 
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monotone convergence \\riiijj — — s- 0, and the remaining term in the form-norm 
can be estimated by 

£:(°'-)(r;,V,'?i^) = / Y.^^^zM^^zM)'^'^ (35) 

+ 2^Zkir]i)hi^yz,^)))dm (36) 
< SlUf+f |r7/|'EMV^,^,V^^^)dm 

+2 f J2\Zkim)hi^,Vz^^)\dm. (37) 



'M 

Using the Cauchy-Schwarz inequahty, we have 

s^"^'\mi',mi') < + s^"^'Hi^,i^) + -^\m{£^°^'Hi^,^j))'^' (38) 

so by dominated convergence £^-^'*\riiip — ip,r]iip — ip) —^ 0. Thus, both terms in 
the form-norm converge to zero. □ 

Definition 27. A semibounded Schrodinger operator ^ on L'^{hm) is the self- 
adjoint operator associated with the form 

6£_^(V,V') = i^f^(V',V') + {^,q^) , (39) 
where D > is some coupling constant and the requirement 

(^^,9-1^) <ci6:g ,^+(V',^)+C2(V',V') (40) 

is satisfied with relative form bound ci < 1 and some constant C2 > 0. Thus, the 
form domain of S£ ^ is obtained from the closure of C'^{M)ri{tlj : {ip, q^ip) < oo}. 

Remark 28. If in addition to the requirement ( |40| ) the curvature term p of Propo- 
sition ^ is also a form-bounded perturbation of , then 

©K' : ^ ^ &%.Dp+,ii',i^) = D£^'>''\ij,4') + (^,#) (41) 
has the same form domain as S£ ^ and also defines a generalized Schrodinger 
operator, hereafter referred to as S^^''\ 

Theorem 29. // the assumptions of Proposition ^ and Remark are fulfilled, 
then S^'*"* is semibounded and Tf on L\^i{hm) is closed and semibounded. 

Proof First we note 6^'*^(V',V') = Tf{i},il)) for any D > and %(; e Q(T/). Thus, 

we only need to show that the restriction of S^'*^ to the closed subspace L\^i{hm) 
is again a closed and semibounded form. 

To show closedness, assume a sequence (V'i)ieN in L\^i{hm) which is Cauchy 
with respect to the form-norm. Then by the closedness of 6^'*^ the sequence has 
a limit ip G 2(6^'*''). However, this limit is contained in L\^i{hm), because the 
sequence (ipi)iiz^ also converges with respect to the usual norm on L\^i{hm). 
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Semiboundedness follows from the inequality 

inf sg';)(V',V)< inf 6g';)(V',V) (42) 

||V|| = 1 ||VII = 1 

due to the set inclusion Lf^^i{hm) C L^{hm). □ 

Remarks 30. As stated, the above theorem does not imply that 7} is densely 
defined. Therefore, Tf might be self-adjoint only on a Hilbert-subspace oi L\gi{hm) . 

In analogy with Lemma it is sufficient for the closedness and semiboundedness 
of Tf when for some D > Q the negative part /~ can be incorporated as a form- 
bounded perturbation of 6^'*+ with relative form bound strictly less than one. 
However, this condition is not as easy to characterize in terms of / as the stronger 
assumption in the preceding theorem. 



Consequence 31. If the assumptions of the preceding theorem hold, then the 

-,(0,.) 



semigroup generated by S^^j^'V converges in the limit D ^ oo strongly to a Berezin- 



Toeplitz semigroup, 

lime ^^Dj ^^f^-tJ^fKfij}, (43) 

where i > 0, V' G L'^{hm), and the orthogonal projector Kj — K'^Kf maps onto 
the closure of Q{Tf) in L\^i{hm). 

Proof. The limit _D ^ cxd of 6^'*^ yields a non-densely defined quadratic form 

6^"/ : V'-- lim 6g';^(^,V') (44) 

which is by inspection identical with Tf. 

The monotone convergence implies then that 7} is closed and the semi- 
boundedness follows from that of 6^'*^ < Tf for some D > 0. These properties 
imply that the Berezin-Toeplitz operator Tf associated with Tf is self-adjoint on the 
closure Q{Tf) C L\^j(hm). Again by the monotone convergence of forms the self- 
adjoint operators sj^*'*^ converge in the strong resolvent sense Q, which in turn 
implies strong convergence of the semigroups they generate ^8| , Theorem S.14]. □ 

4. Probabilistic Representation of Berezin-Toeplitz Semigroups 

This section introduces a new element into the discussion of Berezin-Toeplitz 
operators, the concept of Brownian motion on the base manifold M. of the holo- 
morphic line bundle C. In terms of this stochastic process, one may characterize 
the Kato class of functions on A^. It turns out that Kato decomposable functions 
/ lead to semibounded, self-adjoint Berezin-Toeplitz operators Tf on L\^i{hra), 
where m is the Riemannian volume measure on M. The final result in this sec- 
tion is a probabilistic expression for Berezin-Toeplitz semigroups, referred to as the 
Daubechies-Klauder formula. It is convenient that the validity of the Daubechies- 
Klauder formula is expressed in terms of the Kato class associated with Brownian 
motion and thus the admissibility of bundle curvature and classical Hamiltonian in 
the quantization procedure and path-integral formulation are intrinsically charac- 
terized by the underlying geometry. 
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4.1. The Kato Class and a Version of the Feynman-Kac Formula. We 

adopt the usual terminology: An amost surely continuous process B with values 
in the Riemannian manifold A4 is called Brownian motion with diffusion constant 
D > if for every smooth function </> G C°°{Ai), the difference 



is a real- valued continuous local martingale M. 

A probability measure governing Brownian motion with diffusion constant D > 
and almost surely fixed starting point Bq = cc G will be denoted as P;^. The 
expectation with respect to this probability measure is written as E^. 

A Riemannian manifold A4 is called Brownian complete if for a fixed diffusion 
constant > 0, a Brownian motion B starting at any x G A4 has an infinite 
explosion time. 

Definition 32. Let be a Brownian-complete Riemannian manifold with a fam- 
ily of Brownian- motion measures {¥^}x£_\4 having a fixed diffusion constant D > 0. 
A real- valued function q : Ai R belongs to the Kato class /C(P^) if the following 
condition is satisfied: 



Whenever this property holds only locally, which means for all products XA? G 
/C(P^) with characteristic functions xa of compact sets A in M, we write q € 
ICiociV^). If a real-valued function q satisfies q+ S ICiod^^) and q- e /C(P^) then 
it is called Kato decomposable, symbolized as g G IC±{V^). 

Remarks 33. If a function has the global or local Kato property for one choice of 
D > Q, then this holds for any D > 0. The reason to include D in the definition is 
merely for the consistency of notation. 

If the Ricci curvature of a Riemannian manifold is bounded from below, then 
the kernel is on compact sets up to any finite time uniformly bounded away from 
zero p5|,p6[|. As a consequence, the local Kato property implies local integrability 
with respect to the volume measure, ICiodP^) C ^^^^(m). 

The following lemma goes back to Khasminskii . Our discussion of the Kato 
class proceeds along the nice exposition in |5^, Section 1.2]. The sole purpose 
of the following passage is to show that functions from the Kato class can be 
viewed as infinitesimally form-bounded perturbations of the Dirichlet and Bochner 
Laplacians. 

Lemma 34. Suppose < g G /C(P^), and i > is chosen such that 




(45) 




(46) 




(47) 



then 



< - 
- 1 



1 



(48) 



K 
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Proof. We refer to the proof in pO] , Lemma 2.1], which is concerned with the special 
case of Brownian motion in Euchdean space. However, the formulation given there 
transfers literally without modification to the general situation on manifolds. The 
essential steps are to expand the exponential, to use time-ordering and the Markov 
property, and to inductively apply the assumption to obtain a geometric series in 

K. □ 

Consequence 35. Khasminskii's lemma implies that for q E /C(P^), the mapping 
Qt given by 

rt 



Jo 9(B'-)c'^0(Bt) 



(49) 



has a bound \\Qt 



sup^GA^, 11011^=1 \Qt(l}{x)\ < e"^7(l - k) on L°°(to) with 



exponential growth in t. Thus {Qt}t>o is a semigroup of operators on L°°{m). 

Proof. Again, we refer to |5^, Theorem 2.2]. The idea is to split [Q,t] into subinter- 
vals, to inductively use Lemma ^ in conjunction with the Markov property, and 
to bound the resulting expression with an exponential. □ 



Lemma 36. Given a non-negative function q £ /C(P^), then for any ci > there 
is a C2 > such that 



/ q\(t)fdm<ciD£i<j),(j))+C2\ 
Jm 



(50) 



whenever (j> S Q{E). In other words, functions from the Kato class act as infinites- 
imally form-bounded perturbations of — Z?A. 

Proof. The proof proceeds in two steps. 

Step 1. For q e A^(P^), the expression ( |49| ) defines a strongly continuous semigroup 
{Qt}t>o of bounded, self-adjoint operators Qt on L^{m). 

The preceding lemma together with the Jensen and Cauchy-Schwarz inequalities 
establish the boundedness, 

2 



M 

< 



Ef[e/o'?(B.)rfs^(B,)] 



dm{x) 



f Ef[e2/o9(B.)^«]Ef[|fli(B,)r]dm( 

M 



X) < 



I- K 



(51) 



(52) 



Because of the Markovian semigroup property, it is enough to show strong conti- 
nuity at i = 0. To this end, we consider 

2 



lim 



M 



Cf[(e/o9(B.)^^-l)0(BO] 



dm{x) 



<lim / Ef[(e/o9(B^)'^*-l)2]Ef[|0(Bt)|']dTO(a;) 



M 



< lim sup Ef [e2/ol9l(B,)<J« _ i] / [\<l){Bt)f]dm{x) . 
*^0xe7Vi J 



(53) 
(54) 
(55) 



The last step involves Holder's inequality and the elementary estimate {e^ — 1)^ < 
e^kl _ I fQj. g^jjy j.qqI number c G R. Using the definition of the Kato class in this 
estimate shows that the limit of the L^-norm in (B3) vanishes. 
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Moreover, by the time reversal invariance of Brownian motion each Qt is seen to 
be self-adjoint, and according to the Hille-Yosida theorem, there is a semibounded, 
self-adjoint generator of the semigroup. Given any ci > 0, we choose a suitable 
constant C2 such that replacing qhy q := q/ci —cijcx in the above procedure yields 
a contraction semigroup. 

Ste-p 2. If we approximate q e /C(P^) with a sequence of semibounded functions 
qi := minlg, I}, then for any (j> G Q{£) the generator of the contraction semigroup 
Qt associated with the function qi gives rise to a quadratic form 

hm 1(0, Qtcl^ - 0) = ~D£{q^, 4>) - -\ml + ('^, min{^, I + ^}0) < (56) 
txo t c\ c\ ci 

because —DA is essentially self-adjoint and the multiplication by qi is a bounded 
operator. The contractivity of the semigroup furnishes the last inequality, which in 
turn yields the form-boundedness condition ( po[ ) by monotone convergence in the 
limit Z — > oo . □ 



Proposition 37. Let £ be a Hermitian line bundle with a connection and an 
associated length-preserving horizontal transport iJ. Suppose the base manifold 
M. is Riemannian and Brownian complete, equipped with a family of Brownian 
motion measures {P^jajgAi having a common diffusion constant Z) > 0. Then 
q G /C(P^) is also a form-bounded perturbation of the negative Bochner Laplacian 

Proof. To make contact with the preceding lemma, we fix i/j G L'^{hm) and define 
a function G L'^{m) with values 4>{x) := yjhx{il^{x), ^{x)). 

We may now verify the L^-boundedness of the operators Qf given by 



gf^(x) 



(57) 



with an estimate using that horizontal transport preserves the Hermitian metric 
and the same strategy as in the preceding lemma, 

(58) 



^h4Q^i,{x),Q^^{x))<E^ e/o9(Br)dr^^^^^-i^^g^^^^-i^^g^^^ 



-tSo., 



0(x) 



A similar estimate gives 



(^,QfV-V')< (0,0*0 



(59) 
(60) 

(61) 



and thus together with the preceding lemma the desired form-boundedness. 



□ 



Consequence 38. Therefore, any q G /C(P^) may be used to define a form- 
bounded perturbation of —DA or —DA'-' in order to define a self-adjoint Schrodinger 
operator. One may also use &D,q+ or S£ ^+ as the unperturbed forms and thus 
extend this construction to define a Schrodinger operator &D,q with q G /C±(P^). 
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Proposition (Feynman-Kac formula) 39. Let C be a Hermitian line bundle 
with a connection and a length-preserving horizontal transport H. Suppose the 
base manifold A4 is Riemannian and Brownian complete. Denote by m the natural 
volume measure on Ai and by a family of Brownian-motion measures having a 
common diffusion constant D > 0. 

If q ^ IC±{^^), then the image of a section ijj G L^{hm) under the semigroup 
g-*S'D,, generated by the self-adjoint Schrodinger operator ^ has the probabilistic 
representation 

e-*^S.<'^(:r) = Ef [e^ -^o 9(B-)d-iy^i^(Bi)l . (62) 

The inverse of the stochastic horizontal transport appearing in this equation can 
either be understood by appealing to localized expressions J^/, i.e. one restricts 
to a subspace of the probability space by introducing exit times of local coordinate 
patches and then reformulates the horizontal transport in a local trivialization, or 
one interprets as a shorthand for 

h^{u, e-'^^^^^Pix)) = Ef [e- ?(B.)'^'-/iB, {HB,tu, V(BO)] (63) 
with an arbitrary reference vector u £ Cx- 

Proof. The proof of formula (^) is given in Appendix □ 

Consequence 40. Let £ be a holomorphic Hermitian line bundle, assume its base 
manifold Ai is Kahler, and let g denote the real part of the Kahler metric. Let 
{^k}k=i denote a local holomorphic orthonormal frame of T^^-'^^Al. If the curvature 
term p ~ 'Yl'k=i z determined by the connection of the line bundle L is Kato 
decomposable, then —A''' and — A'^*''*) have the same domain and are essentially 
self-adjoint on C^(A^). If / is also Kato decomposable, then the Feynman-Kac 
formula (^2|) with q = Dp -\- f gives an expression for the Schwartz kernel of the 
semigroup generated by S^^j^'^. 

Definition 41. With the help of the distance function on Ai, the space C»([0, t]) 
of continuous paths in A4 parametrized by an interval [0, t] can be turned into 
a complete, separable metric space. In this setting, one may construct a regular 
conditional probability measure of given Bt |5^, Theorem 5.3.19]. We denote by 
^x,y the Brownian bridge measure, that is the probability measure of the Brownian 
motion which starts at Bq = a; and is conditioned to arrive at Bj = y. It is 
understood as a regular conditional probability distribution of P^ given Bt 
pp. 146-150]. 

Consequence 42. With the assumptions of Consequence ^ the Feynman-Kac 
formula ( |62|) can be modified to give an expression for the integral kernel of the 
Schrodinger semigroup 

e~^^2DJix, y) = pi,,{x, y)E^,* [e" SliDpi^r) + /(B.))dr^^-i] (g^) 

generated by S^j^'j. Hereby, we use the unique heat kernel {pD,t}t>o of -DA, the 
expectation with respect to the Brownian bridge measure P^^ given above, and 
the inverse of the stochastic horizontal transport is understood as a linear mapping 
from £y to £x- 



SELF-ADJOINT BEREZIN-TOEPLITZ OPERATORS ON KAHLER MANIFOLDS 19 



Definition 43. In the following results, we always consider a fixed Kato-deconipo- 
sable symbol / G IC±{P^). To simplify notation, we choose a reference diffusion 
constant Dq > and abbreviate for c > 0, w £ £ the section 



'nc,v ■= e 2Do,c/ (.^tt(v))v 



obtained by keeping one end of the Schwartz kernel fixed. 



(65) 



Lemma 44. For any v ^ C and c > 0, the section r]c,v is contained in L^{hm). In 
addition, the mapping c ^ r]c,v is strongly continuous. 

Proof. Due to the linearity in u, it is enough to consider a vector of length ||w|| — 1. 
The L^-norm of ric.v can then be estimated by repeatedly using the Cauchy-Schwarz 
and Holder inequalities: 



< sup 

veCy,\\v\\=i 



\{Vc.v,1p)\ < 



sup 

veC,\\v\\ = 'L 
i,eL^{hm),\\i,\\^ 



^(0..) 



Kiv){e ^-°o.-/^(7r(w)),i;) 



< sup 



< sup ( Etf" 

Sn. 



Et'" 



/o(-DoP + c/)(Bt)dt^^i^(B^) 



-2j^{Dop + cf){Bt)dt 



1/2 



< 



'Da,2DoP+2cf 



1/2 



\\Pl{-^x)\\oo < °°- 



(66) 
(67) 

(68) 
(69) 



The finiteness results from the Kato decomposability of p and / and from the 
boundedness of the heat kernel pi p5|,^,p^. 

To see the strong continuity of rjcv in c, we may for cimplicity assume v to be 
again a normalized vector and consider two non-negative coupling constants c and 
c'. If ■0 e L^{hm) also has the L^-norm ||V'||2 = Ij then we may estimate 



\{'nc,v - r]c',v,'>P)\ = 



7T{v) 



< 



(e-/o(^oP + c/)(BOdi 
-e-/o(^oP + c'/)(B*)rfi),3^(^3^^,,^(B,)) 
(e^o^^ [\hs, {V, mimy' (e?^) [(e~ ^0 Pop + c/)(B,)dt 



(70) 



1/2 



t{v) 



^-J^{Dop + cf){Bt)dt 

-Jo{Dop + c'f){Bt)dt\'^^'/' 



(71) 
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Taking the supremum over ■0, — 1 on both sides together with the L^-contrac- 
tion property of the unperturbed heat semigroup generated by DqA'^ yields 

\\ric,v - Vc' .v\\2 = sup \{ric,v - ric'.v,^l')\ 

i^eL2(/mi),||^||2 = l 



< 



(E^';)[(e-/o(^oP + c/)(BOdi _g-/o\i?oP + c7)(B*)dt^2]y/^ (72) 



< 2 



7r[v) 



(73) 



The purpose of the last estimate is to show that with the help of some large cq, 
dominated convergence applies to (jT^) in the limit c' ^ c. □ 

Theorem (Daubechies-Klauder formula) 45. Let £ be a holomorphic line bun- 
dle with a Hermitian metric h, suppose its base manifold M is equipped with a 
Kdhler metric, denote its real part by g and the natural volume measure by m. Let 
Ai be Riemannian complete with Ricci curvature bounded below, to ensure Brow- 
nian completeness. Let the real-valued Junction f : A4 M be Kato decomposable 
with respect to the Brownian-motion measure on Ai, where the diffusion con- 
stant D > is arbitrary. In addition, suppose the curvature term p defined in 
Proposition |^ is also Kato decomposable. To include the case when Tf is not 
densely defined, we denote by K f the orthogonal projector onto the closure of the 
form domain QiTf) in L^^i(hm). 

With these assumptions the integral kernel of the Berezin-Toeplitz semigroup 
{e~^'^f K f}t>o is for t > given by the probabilistic expression 

{e~'^'K,) [x, y) = ^^^PdAx, y)^^i [e' /o (^/'(B^) + . (74) 

In particular, we obtain the reproducing kernel K of L\^i{hm) as a special case of 
this formula when / = 0. 

Proof. In conjunction with the specific use of the Feynman-Kac formula in Conse- 
quence it is equivalent to show that the integral kernel of the Berezin-Toeplitz 
semigroup e~^'^f Kf on L\^i{hm) is for t > given by the pointwise limit 

(e-^^/X/) {x, y) = hm e~^^Dj (^^ y) ^ (75) 

where S"^'*^ is the semibounded Schrodinger operator defined by equation (|4l|). 

We borrow the strategy of and accommodate it to the manifold situation 
and the case of unbounded /. The key to the present generalization is the use of 
monotone form convergence. 

We have to show that for u,v E C with base points x,y £ M the equation 

lim /i,(u,e '-^A/ (a;,y)«) = (e„,e-^^/if/e,) (76) 

holds, which by Consequence |^ characterizes the continuous integral kernel of 
e-^'^fKf on Ll^iihm) C L'^{hm). 

To see ([t^), we use the semigroup property and express the integral kernel with 
some choice of Dq > in a scalar product 

h.^(u,e Dj {x,y)v) ^ {TjD,/D,u,exp{-tS^''^jj^^jj_^^^^j:/jj)r]D,/D,v) (77) 
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that converges in the limit Z) ^ oo to 

lim hx{u,e ^'f (a;, y)u) = (77o,« , e fKfqa,^). (78) 

D—^oo 

This can be deduced from the strong continuity of ric,w in c for any w € C and the 
strong convergence stated in Consequence ^ together with the uniform bounded- 
ness (according to the Banach-Steinhaus theorem) of exp(— tS'|^^2£)(, {D-2Do)f / d) 
in D > 2Do. 

To finish the proof, we observe that the right-hand side of ( [78| ) is an integral 
kernel for exp{—tTf)K f on L\^i{hra) that is, in addition, continuous in x and y 
and therefore coincides with the right-hand side of ([76|). The continuity of (78) 
is guaranteed by the continuity of the heat kernel derived in Appendix ^ and 
with Kf exp(— S'|^'*q) — Kf it can be checked that it indeed constitutes an integral 
kernel. □ 



Remarks 46. The probabilistic representation of Berezin-Toeplitz semigroups ac- 
cording to formula ( [74[ ) has also been called a Wiener-regularized path integral, 
because it gives meaning to similar, non-rigorous versions of such path integrals. 
With particular choices of holomorphic line bundles over homogeneous Kahler 

I , formula (^4|) yields an analogue 
of the situations considered by Daubechies, Klauder, and Paul |2^,Q. The par- 
ticular Lie groups in consideration are the Heisenberg-Weyl group, SU (2) and the 
afhne group. In each of these cases, the complex dimension of the manifold M. is 
n = 1, the Riemannian metric g is the real part of the Kahler metric, and the imag- 
inary, skew-symmetric part is in the prequantum relation ( p3| ) with the curvature 
of the line bundle. For an explicit result that does not satisfy this relation, see the 
treatment in or . The result given there differs from that of Daubechies and 
Klauder by a conformal rescaling of the Kahler metric on the base manifold. 

It is worth pointing out that with a suitable analyticity argument, one could 
obtain from formula ( [75| ) the probabilistic expression for the Schwartz kernel of 
the unitary group e~**^ which was a primary motivation for |p^-|2^ . The case of 
bounded / may be treated according to |]55|| . The techniques in [^8| appear suitable 
for a generalization to / G 1C{¥^), but the Kato decomposable case seems to require 
an additional effort. 

5. Summary and Outlook 

In this work, we have studied a coordinate-independent quantization prescription 
in the spirit of Berezin and its representation by Wiener-regularized path integrals 
according to an idea of Daubechies and Klauder. In the present version, these 
path integrals express semigroups that are generated by self-adjoint semibounded 
Berezin-Toeplitz operators on a generalized Bergman space. 

The first results concerned conditions that guarantee self-adjointness and semi- 
boundedness of Berezin-Toeplitz operators. The use of quadratic forms provided 
a convenient framework to develop such conditions, which in the course of Sec- 
tions H to ^ evolved from rather abstract form-boundedness to the more concrete 
requirement in terms of the Kato class. The Dirichlet Laplacian provided a natural 
geometric characterization of this class. Besides the Kato class, the holomorphic 
Laplacian proved central to our implementation of the concept by Daubechies and 
Klauder on Kahler manifolds. More specifically, we considered perturbations of the 
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holomorphic Laplacian in conjunction with a limiting procedure and the Feynnian- 
Kac formula to construct Wiener-regularized path integrals, a probabilistic repre- 
sentation of the Schwartz kernel for the semigroup generated by a Berezin-Toeplitz 
operator. One implication of this construction was that the reproducing kernel of 
a space of holomorphic, square-integrable sections in a holomorphic Hermitian line 
bundle over a Kahler manifold could be expressed in purely geometric terms. 

The fundamental idea behind all those results was the relation between Berezin- 
Toeplitz operators and Schrodinger operators, which enabled us to transfer all the 
relevant analytic and probabilistic techniques. 

As to further developments, one may ask whether Wiener-regularized path inte- 
grals can also be found for continuous representations without underlying complex 
structures. A step in this direction this has been pointed out by ||2^ with the use 
of Dirac operators and spin"^ structures. Indeed, the completeness argument for 
the Hilbert space in Appendix ^ could be applied to a space of merely harmonic 
functions, since all that is required are mean-value and continuity properties. In 
addition, the context of Dirac operators may provide enough analytic tools to re- 
place techniques that so far relied on the presence of complex structures. Another 
ramification is the concept of path transformations, well-known in the study of 
Schrodinger operators ||58|| . Indeed, one may use an invariance property of Brown- 
ian motion under harmonic morphisms to relate the resolvents of different Berezin- 
Toeplitz operators to one another Finally, it may be worthwhile to study 
the use of Wiener-regularized path integrals to extend the correspondence principle 
from the compact Kahler case to non-compact manifolds. Probabilistic represen- 
tations have often been useful to bridge between different function spaces. In this 
case, a suitable procedure of approximating non-compact Kahler manifolds by com- 
pact ones in the path-integral representation could help enlarging the validity of 
the correspondence principle. 

Acknowledgements. Heartfelt thanks go to John Klaudcr whose strong intuition 
proved invaluable in our discussions of geometric principles in quantization proce- 
dures. 

Appendix A. Completeness of the Generalized Bergman Space 

In this part of the appendix, we show that the spaces of holomorphic, square- 
integrable sections L\^i{hra) we consider are indeed Hilbert spaces. The main part 
is a localization argument that reduces the setting to that of the space of square- 
integrable holomorphic functions on the unit ball as studied by Bergman [ |60| . 

Let (P'^z denote the Lebesgue measure on C". We recall that the open ball 
B{x,r) :— {y £ C" : Yld=i \vi ~ ^i^^ < '^^1 centered at x G C" with radius r > 
has the volume XB{x.r){z) d'^^z ~ n'^r'^^ /n\, where n\ :— 1 ■2 - ■ - n denotes the 
factorial of n. 

Lemma A.l. The inner-product space L^^;(i?(0, 1)) of holomorphic functions that 
are square-integrable with respect to the Lebesgue measure on _B(0, 1) is complete 
in the norm-topology induced by the usual L^-inner product. 

Proof. Let {fj)jm be a Cauchy sequence in L\^i{B{Q,l)). First we show uniform 
convergence on all compact sets C inside i3(0, 1). For any such set C, we can find 
a nonzero safety radius r > smaller than the distance from C to the boundary of 
5(0, 1). Using the mean value property for holomorphic functions, we can express 
the difference of two function values at a point a; £ C as the difference between the 
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averages of the two functions, each computed for a disk centered at x. Then Jensen's 
inequahty in conjunction with the convexity of the square-modulus function c \cf 
on C yields 

sup \fjix) - fkix)f < (^^) sup / \fjiz) - Mz)f d^^z (79) 

xec \7r r / x^c J B{x,r) 

The right-hand side can be made arbitrarily small and thus the sequence {,fj)jeN 
converges uniformly on C. By a standard argument in complex analysis, wc con- 
clude that the pointwise limit defines a holomorphic function / : f{z) = limj^oo fj{z) 
in B(0, 1). 

That the convergence fj — > / is also in the sense of the L^-norm follows from 
the Cauchy property of the sequence and from ||/ — fk\\2 < liminfj^oo \\fj — /fe|l2 
due to pointwise convergence and Fatou's lemma. □ 



Theorem A. 2. Let £ be a holomorphic line bundle with the complex, n-dimensional 

base manifold A4 . Suppose the fibers of C arc equipped with a Hcrmitian metric h 
and M possesses a volume form m, both forms non-degenerate and smooth. Then 
the space L\^i{hm) of holomorphic, square-integrable sections in C forms a Hilbert 
space. 

Proof. To begin with, we choose an atlas of local trivializations and corre- 

sponding reference sections Sj. That is, in each chart domain Uj of the underlying 
atlas covering M we choose Sj such that the composition o Sj has the constant 
value one in the second component. Choosing : 7r^^([/j) ^ x C determines 
Sj. Thus, we can identify each section ip with a set of functions {^pj : Uj C}jg/ 
that satisfy '(/'Ic/^ = tpjSj via multiplication in the fibers. 

Similarly as in the preceding completeness proof, it is enough to show that any 
given Cauchy sequence converges pointwise to a holomorphic section, which is a 
holomorphic representative of the limit in the i^-sense. 

To this end, we note that with the local reference sections, the Cauchy sequence 
{V'^'^jieN is represented by a sequence of holomorphic functions V'j'^ : Uj —>■ C. The 
image measure of m under a chart (pj : Uj ^ C C" has a density with respect 
to the Lebesgue measure on Vj, dm{z) = mj{z)d^^z. 

Suppose we have chosen local trivializations ^j with the range of each underlying 
chart (pj being a ball of radius rj centered at the origin. The non- degeneracy and 
smoothness of h and /i imply that for each Uj, there is a strictly positive lower 
bound < < mj{z). We deduce that {V-'j''};gpj is a Cauchy sequence of holo- 
morphic functions in the conventional Bergman space Lf^^i{Vj,ejd'^'^z). According 
to the preceding lemma, the sequence converges pointwise to a holomorphic func- 
tion. The limits obtained on each Vj can then be recombincd with the help of the 
reference sections Sj to give a global, holomorphic section. This limit section is the 
holomorphic representative that coincides almost everywhere with the limit of the 
Cauchy sequence {'^^''};eN taken in L'^{hm). □ 
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Appendix B. Smoothness of Heat Kernels 

The crucial idea used in the construction of the heat kernel is that the index m S 
N of a Sobolev space controls the regularity properties of its functions. 

To simplify the notation, we introduce a customary d-dimensional multi-index 
j — (ill j2, • ■ -jd) with non- negative components ji, j2, ■ ■ -jd G Z+ and define its 
degree by |j| := J2k=i^k- For k — {ki, k2, ■ ■ ■ , kd) £ R'^, we abbreviate y := 

Ul jLj2 l,jd 

1^1 1^2 ■ ■ ■ "-d • 

Definition B.l. The Sobolev space PF™'^(R'') with m G N consists of square- inte- 
grable functions / : ffi'* — >• C having Fourier transforms f : k ^ J^^ ^-ik-x j(^x)d'^x 
that render the Sobolev norm J^^ |/(A;)p(l -|- k'^)"^d'^k finite. Equipped with this 
norm, VF™'^(M'') is complete. 

Lemma B.2. Given a fixed maximal degree < I < ■m — d/2, the linear functionals 

Sy^:f^ f Fe*^/(fc)-^ (81) 

with X G R'' and \j\ < I are uniformly bounded on W"^''^{R'^). Moreover, in 
this case any function / G T4^™'^(IR'^) has an ^-times continuously differentiable 
representative x i— s- S^\f). 

Proof. This statement is a rearrangement of Theorem 12.29]. □ 

Proposition B.3. Given a complex line bundle £ with a Riemannian base man- 
ifold A4, the semigroup generated by the self-adjoint Bochner-Laplacian —A''' as 
defined in ( |2l| ) has a Schwartz kernel {p^{x, y) : Cy ^ £x}t>0:x,yeM that is smooth 
in the parameters t, x and y. 

Proof. As a first step, we establish properties of point-evaluation functionals on 
Sobolev- type spaces of sections in C. 

A section a = CjSj with compact support in the domain of a chart 4'j : Uj — > 
Vj C M'' can be identified with aj o (pj^ , and because of its compact support 
canonically extends by zero on the remaining part of R''. Due to the smoothness 
and non-degeneracy of the metric, its eigenvalues obtain a maximum and a nonzero 
minimum on the support of cr. Therefore, A''' acts locally as a uniformly elliptic 
operator and allows estimating {a, [1 — A'~)a) from above and below by multiples of 
the Sobolev-norm of the function aj in H^^'^(R'^). By an inductive procedure, the 
same technique gives estimates for (cr, (1 — A'')™'a) in terms of norms in VF™'^(R''). 
From now on, we refer to the Sobolev-type space of sections ip having the finite 
norm IUV'III := - A^)"^^^i;\\ asW^-^{M). 

In analogy to the Sobolev spaces on R'', the linear functional i?„ : -0 i-^ hx{u, ip{x)) 
evaluating sections at a; = t:{u) is for sufficiently large m bounded in VV™'^(A^). 
At first, the bound is only valid on the closed subspace of sections a with support 
in a sufficiently small compact set C containing x. However, the sections in the or- 
thogonal complement of the subspace vanish on C and thus the bound of passes 
unchanged to the whole of >V™'^(A4) |6^. By a similar localization argument and 
the preceding lemma, u i— > i?^ is seen to be smooth, and so are all the sections ip in 
W^''(A1). 
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The next step of the proof makes use of these smoothness properties to construct 
the heat kernel. 

In the spectral representation we see that for fixed m G N and to > 0, the opera- 
tors (1 — A'^)'"/^e^^ are uniformly mt>tQ bounded on L^{h^). In consequence, 
the semigroup e*"^ is bounded as a mapping from L^{hii) into all Sobolev-type 
spaces W'"'^(7W), and choosing a sufficiently large m proves that the functional 
ip i?«(e*'^ V') is bounded and linear in ■0 G L'^{hm). By the Riesz Representa- 
tion Theorem and due to the linearity of m »— » in the fibers, there is a vector 
qt{-,TT{u))u in L'^{hm) such that '!9„(e*^ ip) = {qt{-,TT{u))u,ip) for all -0 G L'^{hm). 
By the smoothness of u i-^ {qt{-,Tr{u))u,'ip) and a uniform boundedness argument, 
the map u <—>■ qt{-,Tr{u))u is smooth in the strong sense. 

In addition, the map t qt{-,TT{u))u is also smooth, because (1 — A''-)™/^e^^ 
is real analytic in i > 0. 

In the last step, we define a smooth kernel pf{x, y) by 

hx{u,p^{-K{u),TT{v))v) := ((7t/2(-,7r(u))u,(7f/2(-,7r(w))w) (82) 

and claim that it is a Schwartz kernel for . Using the definition (^), the 
equation 

K{i;{x),pt{x,y)a{y))d^l{x)d^Ji{y) = (g-^^^/^^, g-^^'^/^a) (83) 



follows for sections V'l cr G C!'^^{M.). The self-adjointness and boundedness of 
e~^^ then completes the proof. □ 

Appendix C. A Version of the Feynman-Kac Formula for 
Perturbations of the Bochner Laplacian 

This appendix is concerned with a proof of formula (p^) . The strategy followed 
here is a combination of ideas as presented by Simon ||63|, Chapter V] , Bismut [ |64| 
Chapitre IX], and Wittich |^^. The core portion of the proof is a version of Ito's 
formula for sections in line bundles, which will be derived first. The remaining part 
is an approximation argument. 

We will use the same notation as in the main text, so £ is a Hermitian line bun- 
dle with a connection V and an associated metric-preserving horizontal transport 
H . The d-dimensional base manifold Jv[ is complete with respect to the topology 
induced by a Riemannian metric. As usual, the Brownian motion in Ai with the 
diffusion constant > and the starting point x is denoted by B, and the underly- 
ing probability measure by P;^. Moreover, is assumed to be Brownian-complete 
and its Ricci curvature bounded from below. 

The Bochner Laplacian is denoted by A'''. An additive perturbation to —D/Sf' 
by a function q as discussed in Definition ^ results in the Schrodinger operator 
5£ ^. At first, we focus on the unperturbed case. 

Lemma C.l. Given a smooth section -0 in £, then for t>{) 

H^l^Pi^t) = 0(Bo) +^ f H^lVE,^{^r){El5B,)r (84) 

relates the inverse of the horizontal transport Hq . along B and the connection 
V in a Stratonovich-integral equation. As usual, the right-hand side is invariant 
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with respect to the particular choice of the section {Ek}f^i in a local orthonormal 
frame bundle. The brackets (•,•) denote a dual pairing, here with the one-form 

Proof. By localization ||5l|; it suffices to check this on a stochastic interval |0, r], 
where t is the exit time of B from the chart domain Uj containing the starting point 
Bq. The proof is accomplished using a local formulation of horizontal transport. To 
this end, we select a local trivialization and reference section Sj around the Bg and 
associate with each section ip the representing function ipj satisfying ip\u- = '4'jSj- 
The so-called connection one-form determined by V has a local representative aj 
that satisfies Vx{ipjSj) — {X{ipj) — iaj{X)'ipj)sj for all smooth ifj and vector fields 
X e T[M). 

To simplify the notation, we define semimartingales Y and Z on |0, r] by 

Y, := ^,(BJ and e-*/oK''5B) ^ (g^^ 

and use the shorthand (JW^*^-* = (ii^^,i5B), which represents the components of a 
Brownian motion W in R'* that is restricted to the stochastic interval. In conjunc- 
tion with Stratonovich stochastic integrals, an integration by parts rule applies, 

ZtYt - Yo = / Z,<5Y, + / Y,<5Z, (86) 
Jo Jo 

^Y.f Zr^fc(V',)(B.)<5W('=' f Z,Y,a,(Sfe)(B,)<5W('=) (87) 



d 

E 

k=l 



f Zr{Ek{'^j)-ia,{Ek)iJj){Br)S\N'^\ (88) 

"'0 



and after reinserting the definitions of Y and Z, we obtain an identity which, to- 
gether with the localized expression for reverse horizontal transport, shows that 
both sides of equation (M) are the same scalars multiplying Sj(Bo). □ 



Proposition C.2. With the same notation as in the preceding lemma, a version 
of the Ito formula in fiber bundles is expressed as 

if^XBt) = V(Bo) + V / H^lVEM^r)d\Nl^^ + / H^lDA'^tlj{Br)dr. (89) 
f.^iJo Jo 

Proof. As the first step of the proof, we repeat the calculation in the preceding 
lemma, with Yt replaced by Y^*^^ :— (yEk{4'j) — ^'^j{Ek)'ipj){Bt), which yields 

Z^yW _ Y^'-) = V / Zr( EiiEki^jj)) - {CoviEk)^jj - iEi{aj{Ek))- 

ia,{CoYiEu) - iaj{Ei)(Eu{i>j) - ia,{Ek)^j)^ (B,)5W(') . (90) 

The covariant derivative of the frame vectors enters because those are not horizon- 
tally transported along B. 
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Now we convert equations (88) and ( |90D to Ito differentials and insert the sto- 
chastic integral expression for ZY^''^ into the cross variation emerging from equa- 
tion (H), 

Z^Yt - Yo = ^ / Z,y('^)^w('=) + - I] [ZY^'^), W('=)], (91) 



-ii?,(a,(i?fe)) - mj(Covii;;fc))(B,) - iaj(i?OY('=)jd[wW, WW]^ . 

(92) 

After contracting the summation indices with the cross variation 
2DSikr, a similar identification as in the preceding lemma and the differential op- 
erator expression obtained for A''' proves formula (|89|). □ 

Consequence C.3. If V' G L'^{hm) and E^[»] denotes the expectation with respect 
to the Brownian motion starting at x € M, then for t > the semigroup generated 
by DA'' can be represented as 

^(x)=Ef[F-]V(B,)] (93) 



e 



tDA^ 



Proof. First, we assume ?A G C^c(^) and abbreviate P^^Mx) ■= ^x{H^\'4}{^t)]. 
Since Pl^\ preserves the Hermitian metric h, each P^ ^ is seen to be a bounded oper- 
ator. Moreover, by the time reversal invariance of Brownian motion it is self-adjoint. 
Finally, the family {P^ t}i>o forms a semigroup due to the Markov property 

=Ef [i^Bi+.V^(Bt+.)] (94) 

= Ef [i?-jEi'ji?BjV'(B.)]] - P^AP^^s^){x) (95) 

valid for s,t > 0. To verify that both sides of (p3) are identical, we note that 
the generators agree on ?/) G C'^{A4), because P^ii^ satisfies the same integral 

equation as e*^^^V: 

Pi,,V(a:)-Ef[i/BjVXBO] (96) 

= Ef U(Bo)+ / iJBiZ?A^V(B,)dsl (97) 
= ^-(2;)+ / PD.sDA^ilAx)ds. (98) 







By the definition of P^ ^, the semigroup can be defined on all ip e L^{hm). There- 
fore, its generator defines a self-adjoint extension of D/S.'~\(j'^ ^.^j, but this is nec- 
essarily DA'-', because the latter is essentially self-adjoint on C^(A^). □ 

Theorem C.4. If the assumptions listed at the beginning of this appendix are 
satisfied, ip G L^{hm), and q G IC±{F-^), then the semigroup e^*"^oi generated by 
the Schrodinger operator ^ has the probabilistic representation 

e-*^°-«V(a;) = Ef [e^.''o9(^=)'^*7J-JV'(Bt)l , (99) 
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valid for m- almost every x d M. 

Proof. First, we suppose q is continuous, ip is a, smooth section, and both are 
bounded. Then, along the lines of ( ^9| ) and with the integration by parts rule, 

+ [ e-^oi(^')<i'^H^l{D/\^ilj-qilj){B.r)dr. (100) 
Jo 

Since q is bounded, the modification of the heat semigroup defined by inserting 



(100) in the expectation value of ( |93[ ) has as its generator a self-adjoint extension 
of {DA'' — q)\(j-^ ^j^y Again, by essential self-adjointness, this is seen to be the 

difference —S^g = -DA^ — q. 

In the last step, we approximate the general case q G /C±(P^) by truncation. 
We define the net {q\^^} of bounded functions 

X I— !■ q'"i!\x) := min{max{g(a;), —k},l} (101) 
indexed by fc,^ G N. Truncating q G /C±(P^) in this manner gives 

valid for m-almost every x by the above argument. Now, by monotone form conver- 
gence we obtain strong convergence on the left when consecutively first I — > oo and 
then k — > oo, whereas on the right dominated convergence applies to both limits, 
because 



E 



D 



3/o'9-(B.)rfs;,g^(^(B,)^^(B,))l <oo (103) 



since the negative part q G /C(P ) and x ^ hx(ip{x),'ip{x)) are m-integrable. □ 
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